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Abstract 

'• 

, Presented is a free boson representation of the type II vertex operators for the A^'^j^ face model. 

O ; Using the bosonization, we derive sonre properties of the type II vertex operators, such as comnru- 

QQ tation, inversion and duahty relations. 

o ' 
^ . 

^ : 1 Introduction 

Recent development on integrable lattice models is mainly based on the representation theory of the 
^ quantum afSne groups |^. For example, the XXZ spin chain model has the [/^(sb) symmetry, which 

C/3 ■ is large enough to diagonalize the XXZ Hamiltonian. Correlation functions and form factors are also 

given as the traces of products of vertex operators. The integral formulae of the correlation functions 
' for the XXZ model were presented by using the free boson realization of the vertex ^ . 

' In 01 vertex operators were introduced as the intertwiners among the highest weight modules and the 

finite dimcntional representation of quantum affine groups. There exist two kinds of vertex operators, 
the type I and the type II vertex operaors in the terminology of , because of the left-right assymmetry 
of the coproduct of the quantum affine groups. The XXZ Hamiltonian is expressed in terms of the type 

I vertex operators, whereas the creation and annihilation operators are constructed in terms of the type 

II vertex operators 

The vertex operator method can be also formulated for face models ||. Bosonization of the type 
I vertex operators for the RSOS model were given by Lukyanov and Pugai [Q, in which they derived 
an integral representation for multi-point local state probabilities. In Q a bosonization of the type I 
vertex operators was realized for the A^^^^ face model Q, that reduces to the RSOS model Q when 
71 = 2. In a bosonization of the type II vertex operators was realized for the RSOS model. The 
A-nli face model has the defromcd Virasoro algebra symmetry Since the Virasoro algebra has no 
non-trivial defromation of the coproduct, those vertex operators cannot be interpreted as intertwiners 
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of the defromed Virasoro algebra. However, the type I vertex operators allow a graphical interpretation 
which is due to the identification between the bosonized vertex operators and the half transfer matrix 
for the aIII^ face model @, |. 

In this paper we present a bosonization of the type II vertex operators for the A^j^^i face model. 
Unfortunately, the type II vertex operators do not allow interpretation as intertwiners of the defromed 
Virasoro algebra nor graphical interpretation. Our construction is thus based on the commutation 
relations among the type I and II vertex operators. 

The rest of the paper is organized as follows. In section 2 we formulate the problem and introduce 
the type II vertex operators for the A^^^^ face model. In section 3 we realize the type II vertex operators 
for the aII}_i face model in terms of free bosons. We prove the commutation relations of the those 
bsonaized operators in order to show that they are bona fide vertex operators. In section 4 we prove 
various properties of the vertex operatos such as the inversion and the duality relations. 

2 Type II vertex operators for the A^^^-^ face model 

The present section aims to formulate the problem, thereby fixing the notation. 
2.1 Theta functions 

Throughout this paper we fix the integers n and r such that r ^ n + 2, and also fix the parameter x 
such that < a:; < 1. We will use the abbreviations, 

[v]^x'^-^&,2.{x^^), [v]' ^x^~^e,2,-2{x^''), (2.1) 

where the Jacobi theta function is given by 

Qqiz) = {z;q)oo{qz^^]q)oo{q,q)oo, (2.2) 
(z;(ji,--- ,g„) = n (l-z^r •••g^^O- (2-3) 

For later conveniences we also introduce the following symbols 

'^'^"^ = " '^^'^^ {x^n^l+^z}{x^r+^-^zy ^^'^^ 

r*(v) ^^-^9n^ _ {x^-^^^-^-^z}'{x^~^zy 

_ lil^ Pijz-') , (-:r^'+iz;a;^",a;^)oo(-x^"-^'+iz;x^",a;^)o. 

^'^""^ " ^ " pi{z) ' (-xz;x2",a;2)^(-a.2"+iz;a;2",a.2)^ l^-t'i 

where z = x^"" , 1 and 

{z} = (z; x^\ x2")oo, {z}' = (z; x'^-', x^^U- (2.7) 



2 



In particular we define R{v),S{v) and xi'^') by 

Riv) = niv) = — = 9.iz) = ^ (2-8) 

These facotrs will appear in the commutation relations among the type I and the type II vertex operators. 

The integral kernel for the type I and the type II vertex operators will be given as the products of 
the following elliptic functions 



and 



/KH = ^^^^i^, %) = l^> (2.11) 



2i 



v + iy 



/>,^)= ^_ ^T7 , = (2.12) 



2.2 The weight lattice of A^l^ 

Let y = C" and {£/j}i<j<„ be the standard orthogonal basis with the inner product (e^,ej/) = 
The weight lattice of A^^}_-^ is defined as follows: 

n 

P = 0Ze^, (2.13) 

where 



n 



1 " 

We denote the fundamental weights bya;^(l^/x^n — 1) 

ft 

1^=1 

and also denote the simple roots byQ^(l ^/x^n— 1) 
For a G P we set 



n-l 



(a + p,e^ -£i.), p = ^a;^. (2.14) 



2.3 The aJ^^Ii face model 

An ordered pair {a,b) G is called admissible if b = a + e^, for a certain /i(l ^ fi n). For 



{a,b,c,d) e P'' let VF/ 

















a 





c (i 

figuration | | round a face. Here the four states a, b, c and d are ordered clockwise from the 

b a 
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SE corner. In this model Wi 





d 




(: 








a 





= unless the four pahs {a,b),{a,d),{b,c) and {d,c) are 



admissible. Non-zero Boltzmann weights are parametrized in terms of the elliptic theta function of the 
spectral parameter v as follows: 



Wj 



a + e. 



Wr 



Wi 



a + + a + 
a + El, a 



a + £^ + a + 



a + 



Riv), 



r,i \ Hla^i^ - 1] I I \ 



The Boltzmann weights (2.15) solve the Ynag-Baxter equation for the face model 



d e 
c 9 



9 I 
b a 



vi Wi 



vi Wi 



c 9 
b a 



d e 
9 f 



V2 Wi 



V2 Wi 



e f 
9 a 



d g 
c b 



Vi — V2 



2.4 Commutation relations 

Consider the type I vertex operators satisfying the following commutation relations 

k + £ -\- £ f_i2 k + £i 



'l-n ' '-At2 
k -\- £^i 



(2.15) 



(2.16) 



Vl-V2\<i>^'^iv2)^^'^{vi). (2.17) 



The bosonization of ^•^(w) is realized in See also section 3. The dual type II vertex operators should 
obey the following commutation relations 



'^^nMKM = X("l - ^^2)^'* (W2)$pi(vi), 



(2.18) 



E 

Efil +£ai2 ~^fi'j ^^1^2 



Wh 



V2-vA 'i'*,(«2)**;(^^l), (2.19) 
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where W, 



II 



a b 
c d 



u are defined by 



II 



II 



II 



a + 2e^ a + 

a + a 

a + E/j + £;y a + 

a -\- £1, a 

a + El, a 



S{v) 
Siv) 
Siv) 



Let us summarize the properties of Wjj. Since it is obtaind from Wi by replacing r — > r — 1 up to 
a common scalar function, Wjj also satisfies the Yang-Baxter equation: 



d e 

c 9 

9 f 

b a 



II 



c 9 

b a 

d e 

9 f 



V2 wh 



V2 1 WJj 



e / 

9 a 

d g 

c b 



Vi - V2 



Vi - V2 



The first and the second inversion relations are as follows 



a 



c 9 
b a 



II 



c d 
9 a 



(2.20) 



(2.21) 



9 b 
d c 



II 



9 d 
b a 



G* 



where 



Gi= n ["A- 

The Boltzmann weights ( ^.20| ) have cr-invariant ||] : 



II 



aic) aid) 
a{b) a{a) 







( c 


d 




■) 














a 





where a is the diagram automorphism of A^^^^ defined by (t{uj^) — i^/^+i- 

In section 3 we shall realize ^'^(w) satisfying ( 2. IS ) and ( ^.19 ) in terms of free bosons. 



(2.22) 



(2.23) 



2.5 Fused A^^}_-^^ Boltzmann weight 

Let us introduce m-fold fused Boltzmann weig htsfor W7^. See § concering the fused Boltzmann weights 
for Wi. 
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Let A = {Ai, • • • , A„j} be a subset of iV = {1, • • • , n} such that Ai < • • • < A„j. For k, jj, E N set 
/i = K if K e A, otherwise set /i S A U {k}. For given k, fi, A let 1 ^ ui < ■ ■ ■ < i/m ^ n he such that 
£/i + £jyi H + £iy„ = £k + ^Ai + • • • + £a„ • 

The fusion of Wjj in the horizontal direction is constructed as fohows. Let a, b, c(= cq), ci, • • • Cm-i, Cm(= 
d) G P satisfy 

c = 6 + e^, Cj_i - Cj = (1 ^ j ^ m), = o + 

Note that b — a + £^^+- ■ • + ej/„ from the definition of i^j's. Let a G ©m be a permutation of (1, • • • , to), 
and set 

6^ = fe, 6J = - (1 ^ J ^ to), = a. 
Then TO-fold anti-symmetric fusion of Wjj in the horizontal direction is given as 



W 



-(1.™) 





d 




(: 




■) 




a 





TO + 1 

■^^-^ ;^ J 



(2.24) 



Note that Wjl'"^~^^ is anti-symmetric with respect to (Ai, • • • , Am)- 

Next consider the fusion in the vertical direction. We use same k,^, Xj's and i/j's as before. Now 
we set 

6 = a + e^, dj-i - dj = sx^ (1 ^ j ^ to), c = d + 
where do = d,dm = a. We have c = b + Si,^ -\ + e^^ . For a G &m set 



Cn — C, — C. 



Then TO-fold anti-symmetric fusion of Wjj in the vertical direction is given as 



II 





d 




(: 




■) 




a 





'II 



4 d, 



TO + 1 

^ ;^ ^3 



(2.25) 



Note that VF}/™ is anti-symmetric with respect to (Ai, • • • , Am)- 

We further introduce the fusion of VF/j in both horizontal and vertical directions. Let {nj}i<j<m 
and {^Ij}l<j<rn be subsets of N such that tt{Kj} = ftlMj} Let {Aj}i<j<m,' and {^j}i<j<m' be 

subsets of N such that tt{Aj} = ttji^j} = to'. Let a,b,c,d G P satisfy 



d = a + ^e^., c = d + ^exj, b = a + ^e^., c = b + ^e^^, 
j=i j=i j=i j=i 

where 

i=i i=i i=i j=i 

The TO X to' -fold fusion of FF/j- is defiend as the antisymmetrized product of the TO'-fold fusion of W^j 
in the horizontal direction: 



(m,m') 



II 





d 












a 





(l,m') I 



TO -I- 1 

^ ;^ ' 



(2.26) 
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where 



= c, 4 = - e^^,^, (1 ^ J ^ m), C = 6. 



The M^j^'"'^ can be also defiend as the antisymmetrized product of the rri-fold fusion of Wjj in the 
vertical direction: 



II 





d 




(I 








a 





(m,l) / Cj_i Cj 



m + 1 
■f^-l J 



(2.27) 



where 



= b, b- = b^_, - e-.^^^., (1 ^ J ^ m'), 5^, = a. 
2.6 Fusion of the dual type II vertex operators 

Here we introduce the fusion of the dual type II vertex operator ^'^(w). Let A = {Ai, • • • , Am} be the 
subset of = {1, • • • ,n} such that Ai < • • • < A„i. When b — a + sai + • • • + we define the m-fold 
fused type II vertex operator ^'J^"*'' as follows: 

m — 1 ' 



It is clear from the definition that the following commutation relations hold 



(m.m') 
II 



c d 
b a 



«'-«Ui™')(^/)vI/(™)(^;), 



if "^Vs satisfy the commutation relations (2.18 



For the special case A — {1, • • • , m} and A^ = A\{/z} we define 



(2.28) 



(2.29) 



where 



for j = I,-- - ,71- 1. 



In section 3 we introduce the type II vertex operator in terms of free bosons. In section 4 we 

shall prove ^'J^""^'' coincides with up to a constant. 



(2.30) 



(2.31) 



3 Bosonization of the type II vertex operators 
3.1 Bosons 



Let us consider the bosons i3/„ {1 ^ j ^ n — l,m G Z\{0}) with the commutation relations 

[{n - l)m ]^ [{r - l)m]. 



-Sm+m',0, {j = k) 



(3.1) 
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where the symbol [a]x stands for (x^ — x ^)/{x — x Define Bl\ by 



Then the commutation relations (3.1) holds for all 1 j, k ^ n. These oscillators were introduced in 
Define the dressed bosons A^^ (1 ^ j ^ n, m G Z\{0}) by 

The expression (|3.2|) for n = 2 was already given in [p^ . For a,/3 G P let us define the zero mode 
operators Pa, Qp with the commutation relations 

[iPa , Qp] = {a,P), [Pa , BU = [Q/3 , BU = 0. 

We will deal with the bosonic Fock spaces J^i^k, {I, k G P) generated by B-Lyn{m > 0) over the vacuum 
vectors |/, fc) : 



where 



^z,fc = C[{i3ii,Bi2,---}i<,<„]|^,fc), 



Bl\k,l) = 0(m>0), 



Pa\l,k) = (a,y_^?_y!_ifc)|/,fc), 

3.2 Basic Operator 

Let us define the basic operators for j = 1, • • • , n — 1 

U^a,{z) = exp (^.^El{Q^^ - ^Pa\ogz) 1 : exp I V -(B^ - I (3.3) 



'-{Qa, - iPadogz) ] : exp I ^ 1(5^ - i?^„+i)(a;^z)-™ 
-(Q^, - iP^dogz) J : exp [ - ^ 1 ^ : 

/ \ m=jtO k=l 



= exp ( ^^J'—^{Q^^-^P^ogz) ): exp I - V - V xt^-^'^+i^^i?!^-" I :,(3.4) 



and 



V-a, {z) = exp (^-,yi^(Q„^ - zP„^ logz)j : exp ^ i-(A^„ - A^„^i)a;-"^z-™ j (3.5) 
V^, (z) = exp UJ^{Q^^ - zP^^. logz)") : exp I ^ 1 ^ x'^^-^^^^^^ A^z-"^ | : . (3.6) 
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Note that the operator U^aj {z) and Ui^. (z) (j = 1, • • • , n — 1) for face model were introduced 

in ||], and that the operator V^aiiz) and V^-^^{z) for the A^^^ face model were introduced in JlOt . 
We will use the variable v such that z — a;^", and set 

^,{v) = U^o.,{^), rj,{v)^U^^{v), C;(«) = VLo,(z), v*{v)^V^^{z), (3.7) 

for j:=l,---,7i— 1. These operators satisfy the following commutation relations: 

^jM^jM - hivi-V2)^jiv2)(jM, (3.8) 

e;(«i)e;(«2) - h*iv^-v2)^*{v2)i*M, (3.9) 

^j(^l)Ci+l(^'2) = -/(Wl - U2,0)Cj + l(w2)Cj(«l), (3.10) 

c;(«i)c;+i(«2) = -r(«i-^^2,o)e;+i(«2)e;("i), (3.11) 

[^,(«i),&(«2)] = [e*(t'i),e;;(t'2)] -0, (|j~fc|>i), (3.12) 

^3{vi)r]j{v2) = -.f{vi-V2,0)vj{v2)(,j{vi), (3.13) 

^*{vi)v;{v2) = -nvi-v2,o)v;{v2)^*{vi), (3.14) 

[^dvi),Vk{v2)] = [^*{vi),vl{v2)]^0, (j^k), (3.15) 

[^.M^CkM] - [0(«i),r/fe(«2)]-fe-(«i),efc(«2)]=0, (j-,A:-l,... ,n-l), (3.16) 

■nj{vi)-qj{v2) = rj(wi - U2)?7j(w2)'7j(wi), ri(t;)=i?(u), (3.17) 

'n*j{vi)-q*{v2) = Sj(w2 - Wl)f7j*(w2)'7j (wi), si(w)=5(w), (3.18) 

''l3{'"l)Tl*j{v2) = - W2)»7j («2)%(wi), Xi(«)=x(«)- (3-19) 

3.3 Type I vertex operators 

In the sequel we set 



TT,, — TTi,. 



The TT^jy acts on ^ as an integer (e^ — e,^, rl — {r — l)k). 
For 1 ^ /i ^ n define the type I vertex operator |^ by 

^M=f \{l^VlMUv^)■■<^^~l{v^^^l)^fi^o-^o-l^^J^^)^ (3-20) 

where Zj = x^'"^ . The integral contour for Zj-integration encircles the poles at Zj = (fc G Z>o)j 
but not the poles at Zj = x~^~'^^^ zj^i [k e Z>o)- 
Note that 

$p(vo) :.F;,fc — ^ (3.21) 

We thus denote the operator ( |3.20 ) by $|i'^^'^^''"''(wo) on the bosonic Fock space Ti^k- The commutation 



relations (2.17) hold on Ti 



l.k- 
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For 1 ^ fi ^ n define the dual type I vertex operator by 



^ m — 1 , m 

where Zj = x^"^ . The integral contour for Zj-integration encircles the poles at Zj — x^^'^^'' Zj+i {k e Z>o), 
but not the poles at Zj — x^^^"^^"^ Zj+i [k e Z>o). 



The operators ( 3.22 ) is an operator such that 

^♦(m l)(u„j) : Ti^k > J^Lk+eiA he,„-e^ 

In particular ^*J-"~^\vn) : Ti^k > ^i,k-e^ for m = n. 



(3.23) 



3.4 Type II vertex operator 

In this subsection we introduce the type II vertex operator for the A^^}_i face model. For 1 ^ /i ^ n, 
define the dual type II vertex operators by 

. 1 , 1 



(3.24) 



/rl7- 
n ^'7r(«o)ei*(«i)---c-i(^M-i) n/*(«^- -^^--I'^^^A.)' 

where Zj = x'^'"^ . The second equality follows from ( 3.11 ), ( [3.12| ), ( 3.14 ) and ( ^.15| ). The integral 
contour for -integration encloses the poles at zj = a;~^+^'^^'"^^^2:j_i (fc £ Z>q), but not the poles at 



Zj = 2;l-2fe(r-l) 



Zj-i [k e Z>o). Note that (3.24) is an operator 

%{vo):Ti^u^J'i+e,M, (3.25) 

so that we denote ^J^(wo) by (wq) on the bosonic Fock space Ti^k- 

For 1 ^ ^ ^ n, define the type II vertex operators by 

m— 1 , m 

^^r'^M - / n n ro^.-i-«.,'r„), 

„ rn — 1 , T7i 

= (-1)'"-^/ n ^CM---C-i(^™-ik;-i('^™) n r(^.-^.-i,i-^«), 

where Zj = x"^""^ . The second equality again follows from ( |3.1l| ), ( |3.12[ ), (|t|) and ( |3.15D . The integral 
contour for Zj-integration encloses the poles at Zj — x^^+^'^'^'^^^Zj+i (fc e Z>o)5 but not the poles at 
Zj = x^^^'"'('"^^)zj+i (fc e Z>o). The ^^jr'~^\vm) is an operator 



eiH l-£77i— 



(3.26) 



In particular ^^(w„) : — > ^i-s^M for 
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3.5 Proof of commutation relations 



In this subsection we shall show that (3.24) gives a bosonization of the dual type II vertex operators for 
the ^Ij^li face model. For that purpose we prove the commutation relations (2.18) and (2.19). 



Proposition 3.1 Type I and Type II vertex operators commute modulo the 'energy Junctions' Xr, 



|.*(™-l)(«l)^(™-l)(^;2) = Xm-i{vi~V2)¥:^-'\v2W}r'\^^)- 



Proof. It is clear from ( |3.16| ) and ( |3.19| ). □ 



Theorem 3.2 The operators (3.24) satisfy the commutation relations (2.1i). 
Proof. The claim of the theorem is equivalent to the following equations 



where 



[v]'[w - 1]' 
[v — l\'[w\' 



"]'[!]' 



[i; - l]'[w]'' 



(3.27) 
(3.28) 

(3.29) 



Let us first prove (3.27). By using 



r{v,TT,,)ii*M)CM) ■ • -C-iW-i) = • ■■C-i{<.^)r{v,^,,+r{5,. - 5^.)). (3.30) 



and the commutation relations ( 3.11 ), ( 3.12 ), ( 3.14 ) we have 



n d^:5^^i*(-o)^i*K)er(«i)erK) • • •c-i(-.-i)C-iK-i) 



27riZo 27riz, 

3=1 



(3.31) 



Since vi^v'i^--- are integral variables we can deform an integrand without changing the 

value of the integral. Actually the following deformation is allowed for any function F{vj,v'j) coupled 

toe;(^',)c*K■): 



(3.32) 



where we use ([3.9|). We thus denote F{vj,Vj) ^ F'{vj,v'j) if F{vj,v'j) and F'{vj,v'j) satisfy 
F{v,,v'^) + h*{v'^ ~ v,)F{vr,v,) = F'{v,,v'^) + h*{v'^ - v,)F' {v],v,). 



11 



From ( |33l|) , and ( p2| ) we can prove ( |3.27| ) by showing 

where 



(3.33) 



Let 



and set 



fii{vo,v'o,vi,v[) = f*{vi ~v'Q,0)f*{vi -vo,w- l)f*{v[ -v'q,w). 
fii{vo,v'o,Vi,v[) = fii{vo,VQ,vi,v[) + h*{v[ - Vi)f^j^{vo,VQ,v[,Vi) 
Piiivi) = f*i{vo,VQ,vi,v[) - f^j_{vo,vo,vi,v[). 



Since the residues at ui — vq — ^, vi = Uq — i, vi = v[ — 1 vanish, F^-^ is a regular double periodic 
function of vi, and hence a constant. We therefore get 



(3.34) 



which implies (3.33). 

Next we prove (3.28) for ji < v. (We can show (||2|) for /i > 1/ in a similar manner.) When 
= 1 < i^, we have 



n ^^i*(«o)^r(«(,)^r(«'i) • • -c-iK-i) n - ^U^^^-) 

3 = 1 3 i=l 

/■""^ dz' 

f n ^^i*KK(«o)er(^''i)---c-i(«Ui) 



(3.35) 



i=2 



By the same argument as we show (3.34) we obtain 

+ c*(i;^-_i - t;j_i,7rjv)/*(t^j- - Wj-i,7rji,). 

From (3.35) and (3.36) with j 1 we have ( ^.2^ ) for [i = \ < v. 

In order to prove (3.2S) for 1 < /i < it is enough to show the following relation 

V'{v'q - vo,Tr^,^)f*{v[ - VQ,TTi^,)f*{vi - vo,0)f*{vi - Vo,7ri^)f*{v'^ ~ 

/i— 1 /J-^l A* 

~ n /*('^^- ~ '^^m) n /*(«^- " ^^-1' 0) n - ^^-i- '^^-) 

i=i i=i i=i 

- c'{v'q - Wo, TTpjy )/*(«! - w^,7rip)/*(ui - i;o,0)/*(-ui - W0,7I"li,) 

j=2 j=2 j=2 



(3.36) 



(3.37) 
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We would like to prove (3.37) by induction with respect to Set = 2 < ly. Then (3.37) reduces to 

X f*{vi - Wo, 7I-i2)/*(wi - Wo, 0)/*(w'i - Wq, ^li^) 

~ f*{v2 - v[,7T2^)f*{vi - VQ,7Tl2)f*{vi - v'Q,0)f*{v[ - v'q,7Ti^) 
- C*{Vq - Vo,7T2^)f*{v'2 - v[,7T2^)f*{vi - Wq , "'12 )/* (^'l " Vo,0)f*{v[ ~ Vq,7Ti^). 

Here we exchange vi and v'l in the term including b* because they are integral variables. Owing to 



(3.38) 



(3.36) with j — 2, ( 3.38| ) is equivalent to 

[b*ivi - wi, 712.)/* (wi -v'o,0)~ r{vi -v'o,0) 



b*{vi - v[,TT2u) 

+ .f*W2 - v[,1T2v)f*{vi - Wo,0) {c*{v'q - V(i,1T2v)f*{vi - Wq , 7ri2 )/* (t'i ~ Vo^TTiu) 
C*{VI - v[,TT2u), 



b*{vi - v[,Tr2„) 
0, 



where we use the relation b* {v[ — vi,w) ^ b* (vi — v'i,w). By using the identities 



b*iv'o-vo,w) riv[-vo,0) 
b*{vi-v[,w) f*{vi~v[,0) 



[^'[vo-Vo + vi~v[]'[vo-Vi + 



c*{v'g - vo,w) - c*{vi - v[,w) 



K -vo- l]'[vi - v[y[v[ -V0 + -v'^- i]' ' 

b*{va -vo,w) f*{v[ -vo,w + w') f*{v[ -vo,w') 
'b*{vi -v[,w) f*{vi -v'ff,w + w') f*{vi - v'q,w') 
[l]'[vo -v'o+vi- v[]'[vo -vi + l- w']'[v[ -v'o-^ + w + w']' 

~ K - - ll'bi - v[]'[v[ - I'D - i + w + w'Ylvi - - i + w']'' 
we have (3.3£), which implies ( 3.3§| ). 

Suppose 2 < fi < ly. From the assumption of the induction 



b*ivi ~ V[,7r^,)r{v'^ ~ <-l,0)r« - TT^. + 1) 

f*{v2 - v[,7T2f,)f*{v2 - Wl,0)/*(W2 " Wl,7r2.) 

n - vj-i,^j,) n /*(^^- - 0) n 

fj,— ! /J,— 1 

c*{vi - wi,7r^.) n ~ "j-I'^^jm) n ~ n ~ ^J^i^^j-^)^ 

J=2 j=2 j=2 



"3 Wj_l,7ri.J 



we have 
LHS of ( p^ 



b*{vi - V[,TT^^) 



(3.39) 



(3.40) 



(3.41) 



(3.42) 



fl~l /.i — 1 fl 

J = l J=2 j = l 

c*('i;i - v[,Trf,^)f *{v[ - uo,7ri^)/*(wi - wo,0)/*(wi - Wo,'^ii^) 

/J,— 1 M~l M 

J=2 j=2 j=2 

(3.43) 



Repeating the same procedure and using (3.40,3.41) as we show (3.38), we obtain (3.37) for < v. D 
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4 Inversion and duality 

In this section we prove various properties of the vertex operators for the A^^}^-^ face model. Besides the 
formulae listed in the last section we will use the foUwing formualc of normal ordering and commutation 
relations among the basic operators: 



where 



(r^2r-lZ2. 2;2r-2'j 

r,;(vi)c;M = (4.1) 

= ■■^*Mv*iv2):z^-' \ l\ ' , (4.2) 

- --viM^nv^):, u^k), (4.3) 

V;ivi)a{v2) = -.CkMri^M-.Aj^k), (4.4) 

(a;-l|a;x2-2). 



e;(-i)e;+i(-2) = :g+i(^2)g(^i):%-^ \ , (4.5) 



c;+i(-i)e;(-2) = :g(^i)g+i(^2):.r^ .,i^: (4.6) 

^ 21 ' 



e;(fl)efe(f2) = ■.Ck{v2)C,[vi)-; {\]-k\>l), (4.7) 

r n-l 

V*i{viH{v2) = : ?7;(f2)77i*(i'i) : " ffr(^2/^i), (4.8) 

r n-l 

ViMviM = : ?7r(w2)77i(«i) : ^2''"' " 5r(^i/2:2), (4.9) 
V*i{viH{v2) = r;(vi -W2)?7z*(«2)f?i*(wi), (4.10) 

..(«iH(t'2) ^ ^^^^ "V 4^:^.(-i)'7.(t'2):, 

J2;2j+2£2l J 2;2n-2j+2£2 l J3;2r£2l, \ ^2n+2r Z2_ \. 
. (x2'-+2j^y /a;2«+2r-2jsy r^aj' (a^an^l' 

^;(.r),y;(.2) = .-^-^ ^iif^^ w " r :^;(^iH*(^2):, 

{,2.^}J,2„-2.^}^{,2,.^}J,2„.2.^}^ 



(-a;2j+i£a; ^2„^ ^2)^(_^2„-2j+i a;2„^ ^2)^ 

r7j(^'i)ry*(f2) = ^1 " ^_^z^..n ^2^ /_^2n+i£2. J„ ^2^ : (z^i)??* (1^2) 

('-t2J + 1£1- ^2" t2'1 ('_^2n-2j + l2i. 2n 2\ 

rijMv.M = ^2 /_^£i.^2» ^2^ / ^2n+l£l.^2n ^2^ ^ (^l^ (^2) 



(_,y.^-rr2n ^2\ / ^2n+l £1 . ^,2™ ^.2'! 
V "^22' ;*^7oov 22' '*^/c 



r 1 / 2n 2r 2\ r l' / 2n 2r — 2 2\ 



Do not confuse {z}, {z}' defined in (2.7) and {z}oo, {^j'ooj respectively. 



4.1 Inversion relations 

In this subsection we prove the following two theorems: 
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Theorem 4.1 (Inversion identity) As v' ^ v — ^ , 



n n / 



where 



Theorem 4.2 As f' ^ f + ^, t/ie 'product of vertex operators behaves like 



where 



('„2r. „2r-2^| \ " /'^2n+2r . ^2n . ^2r-2^, /^2n-2 . ^2n ^2r-2 \ 
772r^^2T7r2r^^2\ / ('^2n.™2n ^2r~2\ ?V2rr^2r^^27Z2rr~l2r^^2Y 



Let us begin from the following Lemma: 
Lemma 4.3 For 1 ^ fi ^ m we have 



(m-l) 



Proof. From the commutation relations (|3.1l| ), (|3.12D , ( p.l4| ), (|3.15|) and (H-lOl) 



(m-l) 



m — 1 , 



) — 1 



In order to show ( 4.16| ) let us consider the following elliptic function 

[V„i - Vq - ^ - 1 - TTf^ + U]' [Vj^l - Vj - i - TTj + u]' 



F*iu) 



[1 + TT^ - U]' 



n 
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Set the sum of all residues of F* in the period to be zero. Then we obtain 



- - ^] IJ - - ly 

E" -Vy - \]'[Vryi - t'O - ^ - 1 - TT^ + TTz^J -rr 



/ ™ r 1 



u=l 



i=i 



(4.19) 



which implies (4.16) because of (4.17) and (4.18). □ 
Lemma 4.4 For 1 < m < n — 1 



/(a; ]x )oo\ * / _„i\ „ * f \ 



(x 



For m = n, as Vn ^ v + ^ , Wn-i 



W, • • • ,^0 ^ 2~' 



(4.20) 



Vn-lMC-l (Vn-l) ■■■CI («l) Vl M 
2r-2. ^2r~2' 



(x 2;a;2'' 2)c 



2^0 



(4.21) 



Proof. The claim for 1 < to < n — 1 follows from (p|-|4.1C|). For m = n note that 5i^_i(z) has 
pole at z = X"". We obtain ( |4.2l| ) by taking the limit vj = v - '-^—^ {Q^j^n). □ 

Lemma 4.5 For 1 ^ m ^ n — 1, i/ie following relations hold: 



En 



m-l) 



TO — 1 



n 



where Cm is defined in { 2.3\ ). For m — n, we have 



^=1 



3 = 1 



- (x"z')/z 



where g'^ is defined in j^.lS ). 



Proof. Let vq = v — ^^^^j^ and u,,,, = w + 1. From (4.17) we have 



tj.=i 



2 

m — 1 



) n 



E(-ir"' f n ^^:n-i(«™)C-i(^™-i)---cr(^'iK(^o)^^;(«i,--- ,«m-i), 



where 



/*(i;j_i -t;j,l-7rj^) 



(4.22) 



(4.23) 



(4.24) 
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The contour is chosen as 



+{|z,|^x-"+:'+i(|z|-je)} 

+{\zj - = e} - {|zj - a;-"+J'+3z| = e} (1 ^ j ^ /i - 1) 

+{|zj| = + (m - 



(4.25) 



l=c}-{l^. 



|=e} {ii<,j<,m-\) 



for a smaU number e > 0. Here the signs of the integral paths represent the directions. The plus sign 
refers to an anti-clockwise contour, and the minus sign refers to a clockwise contour. 
Set the sum of all residues in the period we have to be zero. Then we have 



(4.26) 



Note that the RHS of (4.24) vanishes from ( 4.26| ) if the exchange of the order of the sum and the 



integral is permited. In the neighbourhood of the contour C^, the poles of the integrand of (4.24) are 
those of Fp, and located at Zj = a;^™+^+^z. For /i ^ 2, changing the contour for z\ into {|zi| = 



-'''^'^(\z\^{m-\)e)} + {\zj-x 



z\ = e}^{\2 



I = e}, the integrals are taken on a 



contour common to all /i. Then the RHS of ( 4.24 ) reduces to its residue at z\ 



m „ rn — ] 

E("ir-^f n 

o J C, ■ o 



/i=2 

xRes, 



dZj_ 

2'Kiz- 



-_iF*{vi, ■ ■ ■ ,Vm^l) 



dzi 

zi 



m „ m — 1 

= Bj2{^ir-^l n 

ju=2 -^^t^ j=2 

XF* {V2,-- ■ ,Wm-l), 



2'Kiz- 



■Vm-l{Vm)Cm-l{Vm-l) ' ' ' («! )?7t (^0 ) 



where vq = v — ^^^^ 



,vi=v- ^^ij-^ and 



B 



-Res.„=o' 



1 dz 



J'2;2r-2. 2;2r-2^3 ' 



and the contour C is given by (4.25) with j — 2. Repeating this procedure, we have 



Thus Lemma ( 4.22 ) follows from Lemma 4.4. 

For 171 = 12, keep ( 4.2l| ) in mind and repeat the similar procedure. Then we obtain ( [4.23| ). □ 

Lemma |4.5| for m = n implies (4.11). You can also prove ( 4.12| ) in a similar 



Proof of Theorem 
way. □ 



4.1 
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Proof of Theorem 4.2. Set i;„ — v,vq = v' and suppose fi > ly. From (4.1- 4.1(j ) the product 



(u)^'* (u') is regular at u' = u + f , which imphes the claim of the theorem for ji > v. The case 



^ < u is similar. 

Suppose fi — ly. Then we have 



(4.27) 



As v' ^ V + ^, the countour is pinched. The limit is calculated by successively taking the residues at 

Vj = Vj^i — i for 1 ^ j ^ /i — 1, and Vj =^ Vj-^-l + ^ for ji 1^ j n — 1. As z' = zo ^ xzi x'^Z2 
z, the operator part behaves like, 



which implies the claim of the theorem. □ 



(x^'';a;^'' ^)oo \ -p-r 



4.2 Duality relations 

In this subsection we prove the following theorem: 

Theorem 4.6 ( Duality ) For 1 5; /i ^ m ^ n, the duality relation is given by 



(4.28) 



Proof Define l'^r^(f) by 



lgK<Agm+l 



Let us prove that 

= (4.29) 
by induction with respect to m. The case m = 1 is trivially true. First we consider the case n — 77i + 1. 



By performing the cofactor expansion for (2.30) we have 

m ^ 



fj.=i igjg„ 



Because of the assumption of the induction and Lemma 4.5, we obtain that = Since 



"^if]; '{v) satisfy the same commutation relation ([4.16|) as (u), taking ji = m + 1 and calculating 
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- we have 



_ _ rn+lM 



n 



Multiplying ^''(w' — ^) from the left and applying Theorem 4.2, we get 



(4.30) 



o = *(;r^(«)-*(r^(z;) 



Applying this to (4.3C) and multiplying — §) from the left, we get 



Repeating this procedure we have (4.29). □ 
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